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MARIJANA BUTORAC
Abstract. We construct quasi-particle bases of principal subspaces of standard mod-
ules L(Λ), where Λ = k0Λ0 + kjΛj , and Λj denotes the fundamental weight of affine
Lie algebras of type B
(1)
l , C
(1)
l , F
(1)
4 or G
(1)
2 of level one. From the given bases we find
characters of principal subspaces.
Introduction
This paper is a continuation of our study [Bu1, Bu2, Bu3, BK] of the principal sub-
spaces associated to the standard module L(kΛ0), for k ≥ 1, of non-simply laced affine
Lie algebras of type B
(1)
l , C
(1)
l , F
(1)
4 and G
(1)
2 . In [G1], G. Georgiev constructed quasi-
particle bases of principal subspaces of standard modules L(Λ) with the rectangular
highest weight, that is, Λ is of the form k0Λ0 + kjΛj, and Λj denotes the fundamental
weight of level one, in the case of affine Lie algebra of type A
(1)
l . In [BK], we extended
Georgiev’s approach to the principal subspaces which correspond to rectangular weights
of affine Lie algebras of type D
(1)
l , E
(1)
6 , E
(1)
7 and E
(1)
8 .
The main result of this work is the construction of quasi-particle bases of principal
subspaces of standard modules L(Λ) with the rectangular highest weight for the remaining
cases of untwisted affine Lie algebras (Theorem 2.1). From the constructed bases we
find characters of principal subspaces (Theorem 4.1). Obtained characters of principal
subspaces are connected with the characters of parafermionic field theories (see [AKS,
FS,GG,Gep,KNS,G2]). This connection is further studied in the paper [BKP].
Our construction follows closely the construction of quasi-particle bases of principal
subspaces of vacuum standard modules L(kΛ0) in [Bu1,Bu2,Bu3,BK,G1]. The starting
point in this construction is to find all relations among quasi-particles, which are then
used to find the spanning sets. In this paper we use these results to construct the spanning
sets of principal subspaces of L(Λ). The main difference with the case of the principal
subspace of L(kΛ0) is in the formulation of initial conditions (Lemma 2.0.1 and Lemma
2.0.2) in terms of quasi-particles.
The main idea of the proof of linear independence is, as in [Bu1, Bu2, Bu3, BK,G1],
from a finite linear combination
∑
a∈A cabav = 0 of quasi-particle monomial vectors bav
from the spanning set, obtain the following linear combination
∑
a∈A cab
′
av = 0, where
b′av are still from the spanning set, such that ba < b
′
a, with the respect to the linear order
on quasi-particles. To do this we use coefficients of intertwining operators for vertex
operator algebra L(Λ0) associated with the affine Lie algebra from [Li1,Li2,Li3], together
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with simple current maps in the case of affine Lie algebras of type B
(1)
l and C
(1)
l , and
Weyl group translation operators among standard modules of level 1.
1. Preliminaries
Let g be a complex simple Lie algebra of type Bl, Cl, F4 or G2 with the triangular
decomposition g = n−⊕h⊕n+, where h denotes the Cartan subalgebra of g. Let 〈·, ·〉 be
the invariant symmetric nondegenerate bilinear form on g normalized so that long roots
have length
√
2. Denote by R+ ⊂ h∗ the set of positive roots of g, by R the set of roots,
by Q the root lattice and by {α1, . . . , αl} the subset of simple roots. We fix the standard
choice of simple roots, which we now recall. Denote by {ǫ1, . . . , ǫl} the usual orthonormal
basis of the Rl. Then in the case of Bl, we have the following set of simple roots{
α1 = ǫ1 − ǫ2, . . . , αl−1 = ǫl−1 − ǫl, αl = ǫl
}
,
which correspond to the following labeling of Dynkin diagram
α1 α2
. . .
αl−1 αl
⇒ .
In the case of Cl, we will use the following notation for the basis of the root system{
α1 =
√
2ǫl, α2 =
1√
2
(ǫl−1 − ǫl) , . . . , αl−1 = 1√
2
(ǫ2 − ǫ3) , αl = 1√
2
(ǫ1 − ǫ2)
}
,
so that we have the following labeling of the Dynkin diagram
αl αl−1
. . .
α2 α1
⇐ .
In the case of F4 we have
α1 α2 α3 α4
⇒ ,
where {
α1 = ǫ2 − ǫ3, α2 = ǫ3 − ǫ4, α3 = ǫ4, α4 = 1
2
(ǫ1 − ǫ2 − ǫ3 − ǫ4)
}
,
and in the case of G2 we have{
α1 =
1√
3
(−2ǫ1 + ǫ2 + ǫ3), α2 = 1√
3
(ǫ1 − ǫ2)
}
,
with the following Dynkin diagram
α1 α2
⇛ .
For every α ∈ R±, denote by xα the generator of n±. Denote by {λ1, . . . , λl} the set of
fundamental weights of g, where
λi = ǫ1 + · · ·+ ǫi for i 6= l, and λl = 1
2
(ǫ1 + · · ·+ ǫl) in the case of Bl,
λi =
1√
2
(ǫ1 + · · ·+ ǫl−i+1) in the case of Cl,
λ1 = ǫ1 + ǫ2, λ2 = 2ǫ1 + ǫ2 + ǫ3, λ3 =
1
2
(3ǫ1 + ǫ2 + ǫ3 + ǫ4), λ4 = ǫ1 in the case of F4,
λ1 =
1√
3
(−ǫ1 − ǫ2 + 2ǫ3), λ2 = 1√
3
(−ǫ2 + ǫ3) in the case of G2.
We identify h with h∗ using form 〈·, ·〉. Thus, the fundamental weights are viewed as
elements of h (cf. [H]).
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The affine Kac-Moody Lie algebra g˜ associated with g is infinite-dimensional vector
space
g˜ = g⊗ C[t, t−1]⊕ Cc⊕ Cd,
where c denotes the canonical central element and d denotes the degree operator, equipped
with the commutation relations
[x(m), y(n)] = [x, y] (m+ n) + 〈x, y〉mδm+n 0 c,
[d, x(m)] = mx(m) and [d, c] = 0,
for all x, y ∈ g, m,n ∈ Z (cf. [K]). The generating functions for elements x(m) = x⊗ tn
of the affine algebra are defined by
x(z) =
∑
m∈Z
x(m)z−m−1.
Denote by {α0, α1, . . . , αl} the set of simple roots, and by {Λ0,Λ1, . . . ,Λl} the set of
fundamental weights of g˜.
We consider rectangular weights, i.e. the highest weights of the form
Λ = k0Λ0 + kjΛj , (1.1)
where k0, kj ∈ Z+ and Λj denotes the fundamental weight such that 〈Λj, c〉 = 1. When
g˜ is of type B
(1)
l we have j = 1, l, in the case of C
(1)
l j = 1, . . . , l, in the case of F
(1)
4 j
is equal to 4 and in the case of G
(1)
2 j = 2 (cf. [K]). Denote by L(Λ) the standard (i.e.
integrable highest weight) g˜-module with a highest weight as in (1.1). With k = Λ(c)
denote the level of g˜-module L(Λ), k = k0 + kj.
For every simple root αi, 1 ≤ i ≤ l denote by sl2(αi) ⊂ g a subalgebra generated by
xαi and x−αi , and let s˜l2(αi) = sl2(αi)⊗ C[t, t−1]⊕ Ccαi ⊕ Cd ⊂ g˜ be the corresponding
affine Lie algebra of type A
(1)
1 with the canonical central element
cαi =
2c
〈αi, αi〉 .
The restriction of L(Λ) to s˜l2(α) is standard module of level
kαi =
2k
〈αi, αi〉 .
For later use we introduce the following notation
jt =
{
0 for 1 ≤ t ≤ νjk0 + (νj − 1)kj, t > kαj
j for νjk0 + (νj − 1)kj + 1 ≤ t ≤ kαj , (1.2)
where νj denotes
2
〈αj ,αj〉 .
For each fundamental g˜-module L(Λj) fix a highest weight vector vΛj . By complete
reducibility of tensor products of standard modules, for level k > 1 we have
L(Λ) ⊂ L(Λj)⊗kj ⊗ L(Λ0)⊗k0,
with a highest weight vector
vΛ = v
⊗kj
Λj
⊗ v⊗k0Λ0 .
Consider g˜-subalgebra
n˜+ = n+ ⊗ C[t, t−1].
The principal subspace WL(Λ) of L(Λ) is defined as
WL(Λ) = U (n˜+) vΛ,
(cf. [FS]).
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This space is generated by operators from
U = U(n˜αl) · · ·U(n˜α1),
which act on the highest weight vector vΛ (see Lemma 3.1 in [G1] and also [Bu1,Bu2,
Bu3,BK]), where
n˜αi = Cxαi ⊗ C[t, t−1], 1 ≤ i ≤ l.
2. Quasi-particle bases
In this section, we first recall the notion and some basic facts about quasi-particles
from [Bu1, Bu2, Bu3, BK, G1]. Then we determine the spanning set of the principal
subspace WL(Λ).
Recall that the simple vertex operator algebra L(kΛ0) associated with the integrable
highest weight module of g˜ with level k is generated by x(−1)vkΛ0 for x ∈ g such that
Y (x(−1)vkΛ0, z) = x(z),
where vkΛ0 is the vacuum vector, (cf. [FLM, LL]). Moreover, the level k standard g˜-
modules are modules for this vertex operator algebra.
We will consider the vertex operators
xrαi(z) = Y (xαi(−1)rvkΛ0, z) =
∑
m∈Z
xrαi(m)z
−m−r = xαi(z) · · ·xαi(z)︸ ︷︷ ︸
r times
(2.1)
associated with the vector xαi(−1)rvkΛ0 ∈ L(kΛ0). Following [G1], for a fixed positive
integer r and a fixed integer m define the quasi-particle of color i, charge r and energy
−m as the coefficient xrαi(m) of (2.1).
Note that charges of quasi-particles xrαi(z) in our quasi-particle basis monomial will
be less or equal to kαi, since
x(kαi+1)αi(z) = 0 (2.2)
on L(Λ) (see [LL], [LP], [MP]). Also, from the definition (2.1) follows that
xrαi(z)vkΛ0 ∈ WL(Λ)[[z]]. (2.3)
In the case of L(Λj) we have the following relations
Lemma 2.0.1. In the case of affine Lie algebras g˜ of type B
(1)
l and C
(1)
l on L(Λ1), we
have
xα1(−1)vΛ1 = 0, (2.4)
xα1(−2)vΛ1 6= 0, (2.5)
xαi(−1)vΛ1 6= 0, for i 6= 1, (2.6)
x2αi(−2)vΛ1 6= 0, if 〈αi, αi〉 = 1. (2.7)
Proof. Let us first assume that g˜ is of type B
(1)
l . Since the restriction of L(Λ1) to s˜l2(α1) is
a level one module and since we have 〈λ1, α1〉 = 1, it follows that s˜l2(α1)vΛ1 is a standard
A
(1)
1 -module L(Λ1). This gives us
xα1(−1)vΛ1 = 0
xα1(−2)vΛ1 6= 0.
The restriction of L(Λ1) to s˜l2(αi), where i 6= 1, is a level one module with trivial sl2(αi)-
module on the top, and therefore it is a standard A
(1)
1 -module L(Λ0). From this follows
(2.6). Relation (2.7) follows from the fact that the restriction of L(Λ1) to s˜l2(αl) is a
4
level two module with trivial sl2(αi)-module on the top, and therefore it is a standard
A
(1)
1 -module L(2Λ0) (cf. [K]).
In a similar way it can be verified that the claims of the lemma hold for the case of a
C
(1)
l -module L(Λ1). 
Lemma 2.0.2. In the case of affine Lie algebras g˜ of type B
(1)
l , C
(1)
l , F
(1)
4 , G
(1)
2 on L(Λj),
where j 6= 1, we have
xαi(−1)vΛj 6= 0, for 1 ≤ i ≤ l, (2.8)
x2αi(−2)vΛj 6= 0, for i 6= j and 〈αi, αi〉 = 1, (2.9)
x2αj (−2)vΛj = 0, for 〈αj, αj〉 = 1, (2.10)
x2αj (−3)vΛj 6= 0, for 〈αj, αj〉 = 1, (2.11)
x2αj (−2)vΛj 6= 0, for 〈αj, αj〉 =
2
3
, (2.12)
x3αj (−3)vΛj = 0, for 〈αj, αj〉 =
2
3
, (2.13)
x3αj (−4)vΛj 6= 0, for 〈αj, αj〉 =
2
3
. (2.14)
Proof. Let g˜ be of type B
(1)
l . The restriction of L(Λl) to s˜l2(αi), where i 6= l, is a standard
A
(1)
1 -module L(Λ0). Therefore,
xαi(−1)vΛl 6= 0.
On the other hand the restriction of L(Λl) to s˜l2(αl) is a level two module with two
dimensional sl2(αl)-module on the top, so it must be a standard A
(1)
1 -module L(Λ0+Λ1).
From this follows
xαl(−1)vΛl 6= 0,
x2αl(−2)vΛl = 0,
x2αl(−3)vΛl 6= 0.
In a similar way it can be verified that relations (2.8), (2.10) and (2.11) hold for the
case of a C
(1)
l -module L(Λj), where j = 2, . . . , l and F
(1)
4 -module L(Λ4). In the case
of C
(1)
l -module L(Λj) and F
(1)
4 -module L(Λ4) we also have relation (2.9), which follows
from the fact that the restriction of L(Λj) to s˜l2(αi), where i 6= j, 1 (or i = 3 in the case
of F
(1)
4 ) is a level two module with trivial sl2(αi)-module on the top, and therefore it
must be a standard A
(1)
1 -module L(2Λ0). When g˜ is of type G
(1)
2 we have relations (2.8),
(2.12), (2.13) and (2.14) on L(Λ2). These relations are a consequence of the fact that the
restriction of L(Λ2) to s˜l2(α1) is a level one standard L(Λ0)-module and the restriction
of L(Λ2) to s˜l2(α1) is A
(1)
1 -module L(2Λ0 + Λ1). 
From the last two lemmas we have
xrαi(z)v
⊗kj
Λj
⊗ v⊗k0Λ0 ∈ z
∑r
t=1 δi,jtWL(Λ)[[z]]. (2.15)
Our quasi-particle basis monomial will be of the form
b = bαl · · · bα2bα1 , (2.16)
where
bαi = xn
r
(1)
i
,i
αi(mr(1)i ,i
) . . . xn1,iαi(m1,i),
n
r
(1)
i ,i
≤ · · · ≤ n1,i ≤ kαi and r(1)i ≥ r(2)i ≥ . . . ≥ r(kαi )i for i = 1, . . . , l.
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Here np,i and r
(t)
i represent parts of a conjugate pair of partitons Ci = (nr(1)i ,i, . . . , n1,i)
and Di = (r(1)i , r(2)i , . . . , r(s)i ) of some fixed ni. Following [G1] we call Ci a charge-type of
a monomial bαi , Di a dual-charge-type and ni a color-type of a monomial bαi . We can
visualize charge-type and dual-charge type of monomial bαi using graphic presentation,
as in the following example.
Example 2.0.1. For monomial
xαi(m4,i)x2αi(m3,i)x4αi(m2,i)x4αi(m1,i)
of color-type ni = 11, of charge-type Ci = (1, 2, 4, 4) and dual-charge-type Di = (4, 3, 2, 2)
we have the graphic presentation as given in Figure 1, where each quasi-particle of charge
r is presented by a column of height r. Number of boxes in every row represents part of
a dual-charge-type Di.
r
(1)
i
r
(2)
i
r
(3)
i
r
(4)
i
n1,in2,in3,in4,i
Figure 1. Graphic presentation
Analogously to the situation with a single color, we define the charge-type C, the dual-
charge-type D of b in (2.16) by
C = (Cl; . . . ; C1) , (2.17)
D = (Dl; . . . ; D1) , (2.18)
and the color-type of b as the l-tuple (nl, . . . , n1) where ni denotes the color-type of a
monomial bαi . Moreover, by
E =
(
m
r
(1)
l
,l
, . . . , m1,l; . . . ; mr(1)1 ,1
, . . . , m1,1
)
we denote the energy-type of b.
Now, let b, b be any two quasi-particle monomials of the same color-type, expressed as
in (2.16). Denote their charge-types and energy-types by C, C and E , E respectively. We
define the linear order among quasi-particle monomials of the same color-type by
b < b if C < C or C = C and E < E , (2.19)
where for (finite) sequences of integers we define:
(xp, . . . , x1) < (yr, . . . , y1)
if there exists s such that
x1 = y1, . . . , xs−1 = ys−1 and s = p + 1 6 r or xs < ys. (2.20)
From (2.3) and (2.15) follows that energies in the expression obtained by applying
(2.16) on the highest weight vector comply the following difference condition
mp,i ≤ −np,i −
np,i∑
t=1
δi,jt, for 1 ≤ p ≤ r(1)i . (2.21)
We strengthen this inequality by using relations among quasi-particles.
6
The interactions among quasi-particles of different colors [Bu1, Lemma 2.3.2], [Bu2,
Lemma 4.3, Lemma 5.3], [Bu3, Lemma 3.2], [BK, Lemma 5.3] we summarize as follows.
Lemma 2.0.3. For quasi-particles of fixed charges ni−1 and ni on WL(Λ) we have
(z1 − z2)Mixniαi(z2)xni−1αi−1(z1) = (z1 − z2)Mixni−1αi−1(z1)xniαi(z2), (2.22)
where Mi = min
{
ναi
ναi−1
ni−1, ni
}
.
The interaction among quasi-particles of the same color is described by the following
assertion [F, Lemma 3.3], [JP, Lemma 4.4], [G1, (3.18)–(3.23)].
Lemma 2.0.4. For fixed charges n1, n2 such that n2 6 n1 and fixed integer M such that
m1 +m2 = M the monomials
xn2αi(m2)xn1αi(m1), xn2αi(m2−1)xn1αi(m1+1), . . . , xn2αi(m2−2n2+1)xn1αi(m1+2n2−1)
of operators on WL(Λ) can be expressed as a linear combination of monomials
xn2αi(j2)xn1αi(j1) such that j2 6 m2 − 2n2, j1 > m1 + 2n2 and j1 + j2 = M
and monomials which contain a quasi-particle of color i and charge n1+1. Moreover, for
n2 = n1 the monomials
xn2αi(m2)xn2αi(m1) with m1 − 2n2 < m2 6 m1
can be expressed as a linear combination of monomials
xn2αi(j2)xn2αi(j1) such that j2 6 j1 − 2n2 and j1 + j2 = M
and monomials which contain a quasi-particle of color i and charge n2 + 1.
Denote by BW the set of all quasi-particle monomials of the form as in (2.16) which
satisfy the following difference conditions
mp,i ≤ −np,i +
r
(1)
i−1∑
q=1
min
{
ναi
ναi−1
ni−1, ni
}
− 2(p− 1)np,i −
∑np,i
t=1 δi,jt, for 1 ≤ p ≤ r(1)i ,
(2.23)
mp+1,i ≤ mp,i − 2np,i, for np+1,i = np,i, 1 ≤ p ≤ r(1)i − 1, (2.24)
where r
(1)
0 = 0 and jt is as in (1.2). We have
Theorem 2.1. The set BW = {bvΛ : b ∈ BW} forms a basis of the principal space WL(Λ).
The proof that BW is the spanning set goes as in [G1], by using induction on the
charge-type and the total energy of quasi-particle monomials. It remains to prove the
linear independence of the spanning set.
3. Proof of linear independence
In the proof of linear independence of the set BW we will employ operators defined on
level one standard modules L(Λj). The projection πD, which generalizes the projection
introduced in [G1] (see also [Bu1,Bu2,Bu3,BK]), enables us to use these operators in the
case of higher levels. In Section 3.1 we will recall the main properties of πD. In Section
3.2 we will introduce coefficients of intertwining operators among level one modules and
in Section 3.3 we will recall important properties of Weyl group translation operators.
Finally in Section 3.4 we prove linear independence of the set BW .
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3.1. Projection πD. For a dual-charge-type D of monomial (2.16) denote by πD the
projection of WL(Λ) on the vector space
WL(Λ
jk
)
(µ
(k)
l
;...;µ
(k)
1 )
⊗ · · · ⊗WL(Λ
j1 )(µ
(1)
l
;...;µ
(1)
1 )
⊂ W⊗kj
L(Λj)
⊗W⊗k0
L(Λ0)
⊂ L(Λj)⊗kj ⊗ L(Λ0)⊗k0 ,
where jt ∈ {0, j}, 1 ≤ t ≤ k, WL(Λjt )(µ(t)
l
;...;µ
(t)
1 )
denotes the h-weight subspace of the level
one principal subspace WL(Λjt ) of weight µ
(t)
l αl + · · ·+ µ(t)1 α1 ∈ Q with
µ
(t)
i =
νi−1∑
p=0
r
(νit−p)
i for 1 ≤ t ≤ k. (3.1)
With the same symbol we denote the generalization of the projection πD to the space of
formal series with coefficients in W
⊗kj
L(Λj)
⊗W⊗k0
L(Λ0)
. Let
xn
r
(1)
l
,l
αl(zr(1)
l
,l
) · · ·xn1,lαl(z1,l) · · ·xn
r
(1)
1 ,1
α1(zr(1)1 ,1
) · · ·xn1,1α1(z1,1) vΛ (3.2)
be the generating function of the monomial (2.16), which acts on the highest weight
vector vΛ. From relations (2.2) follows that the projection of (3.2) is:
πD
(
xn
r
(1)
l
,l
αl(zr(1)
l
,l
) · · ·xn1,1α1(z1,1) vΛ
)
(3.3)
= Cx
n
(k)
r
(νl(k−1)+1)
l
,l
αl
(z
r
(νl(k−1)+1)
l
,l
) · · ·x
n
(k)
r
(νlk)
l
,l
αl
(z
r
(νlk)
l
,l
) · · ·x
n
(k)
1,l αl
(z1,l) · · ·
· · ·x
n
(k)
r
(ν1(k−1)+1)
1
,1
α1
(z
r
(ν1(k−1)+1)
1 ,1
) · · ·x
n
(k)
r
(ν1k)
1
,1
α1
(z
r
(ν1k)
1 ,1
) · · ·x
n
(k)
1,1α1
(z1,1) vΛ
jk
,
⊗ · · ·⊗
⊗x
n
(1)
r
(1)
l
,l
αl
(z
r
(11)
l
,l
) · · ·x
n
(1)
r
(νlk)
l
,l
αl
(z
r
(νlk)
l
,l
) · · ·x
n
(1)
1,lαl
(z1,l) · · ·
· · ·x
n
(1)
r
(1)
1
,1
α1
(z
r
(1)
1 ,1
) · · ·x
n
(1)
r
(ν1k)
1
,1
α1
(z
r
(ν1k)
1 ,1
) · · ·x
n
(1)
1,1α1
(z1,1) vΛ
j1
,
where C ∈ C∗, and where
0 ≤ n(t)p,i ≤ νi, np,i =
k∑
t=1
n
(t)
p,i, for every 1 ≤ p ≤ r(1)i .
For fixed color i the projection πD places at most νi generating functions xαi(zp,i) on
each tensor factor vΛjt , 1 ≤ t ≤ k. This property of πD is demonstrated in the following
example for the case of affine Lie algebra g˜ of type G
(1)
2 .
Example 3.1.1. Consider the formal power series
xα2(z3,2)x3α2(z2,2)x4α2(z1,2)xα1(z2,1)x2α1(z1,1)vΛ (3.4)
with coefficients in the principal subspace WL(Λ0+Λ2) of level 2 standard module L(Λ0+Λ2)
of affine Lie algebra g˜ of type G
(1)
2 . The projection πD of (3.4), where D = (3, 2, 2, 1; 2, 1),
onto
WL(Λ2)(1;1) ⊗WL(Λ0)(7;2)
is
Cxα2(z1,2)x2α1(z1,1)vΛ2 ⊗ xα2(z3,2)x3α2(z2,2)x3α2(z1,2)xα1(z2,1)xα1(z1,1)vΛ0 , (3.5)
(C ∈ C∗). Graphically, the image of (3.4) can be represented as in Figure 2, where boxes
in columns represent n
(t)
p,i.
8
vΛ0
vΛ2
α2 3α2 4α2 α1 2α2
Figure 2. πD (xα2(z3,2)x3α2(z2,2)x4α2(z1,2)xα1(z2,1)x2α1(z1,1)vΛ)
First note that we have n
(1)
1,1 = n
(2)
1,1 = 1, since from the relation x2α1(z1,1) = 0 on
L(Λ0+Λ2) follows that with the projection πD every factor xα1(z1,1) of the vertex operator
x2α1(z1,1) is applied on the different tensor factor. With the projection the vertex operator
xα1(z2,1) is applied only on the rightmost tensor factor, so n
(1)
2,1 = 1 and n
(2)
2,1 = 0. The
relation x4α2(z1,2) = 0 on L(Λ0 + Λ2) implies that with the projection πD three vertex
operators xα2(z1,2) are applied on the rightmost tensor factor and one vertex operator
xα2(z1,3) is applied on the remaining tensor factor. From this follows that n
(1)
1,2 = 3 and
n
(2)
1,2 = 1. With the projection the vertex operator x3α2(z2,2) is applied only on the rightmost
tensor factor, so n
(1)
2,2 = 3 and n
(2)
2,2 = 0. Finally, the vertex operator xα2(z3,2) is applied
on the rightmost tensor factor, therefore we have n
(1)
3,2 = 1 and n
(2)
3,2 = 0.
3.2. Coefficients of level 1 intertwining operators and simple current maps.
First let g˜ be of type B
(1)
l or of type C
(1)
l . Denote by I1(·, z) the intertwining operator of
type
(
L(Λj)
L(Λj) L(Λ0)
)
, defined by
I1(wj, z)w0 = exp(zL(−1))Y (w0,−z)wj , (3.6)
where wj ∈ L(Λj) and w0 ∈ L(Λ0) (cf. [FHL]). Following [Bu1,Bu2] denote by Aλ1 the
constant term of the intertwining operator I1(vΛ1 , z). This coefficient commutes with the
action of quasi-particles (cf. [Bu1,Bu2]).
Fix λ1 ∈ h as in Section 1. Following H. Li (cf. [Li1,Li2,Li3]), for any L(kΛ0)-module
V we introduce the following notation
(V (λ1), Yλ1(·, z)) = (V, Y (∆(λ1, z)·, z)),
where
∆(λ1, z) = z
λ1exp
(∑
n≥1
λ1(n)
n
(−z)−n
)
.
By Proposition 2.6 in [Li1] follows that V (λ1) has a structure of a weak L(kΛ0)-module.
In particular, L(kΛ0)
(λ1) ∼= L(kΛ1) is a simple current L(kΛ0)-module.
Following [Bu1] and [Bu2] denote by eλ1 simple current map, that is bijection
eλ1 : L(Λj)→ L(Λj)(λ1),
such that
xα(m)eλ1 = eλ1xα(m+ α(λ1)), (3.7)
for all α ∈ R and m ∈ Z and
eλ1vΛ0 = vΛ1 , (3.8)
(see [DLM], [Li3], or Remark 5.1 in [P]).
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From (3.8) follows that the monomial vector πDbvΛ ∈ BW , where WL(Λ) is the principal
subspace of the standard module L(k0Λ0 + k1Λ1) and b is of dual-charge type D, equals
πDb(eλ1vΛ0)
⊗k1 ⊗ v⊗k0Λ0 . (3.9)
From (3.7) and from the definition of the projection πD it follows that (3.9) is the coeffi-
cient of the variables
z
−m
r
(1)
l
,l
−n
r
(1)
l
,l
r
(1)
l
,l
· · · z−m1,2−n1,21,2 z
−m
r
(1)
1 ,1
−n
r
(1)
1 ,1
r
(1)
1 ,1
· · · (3.10)
· · · z
−m
r
(k0+1)
1
+1,1
−n
r
(k0+1)
1
+1,1
r
(k0+1)
1 +1,1
z
−m
r
(k0+1)
1
,1
−n
r
(k0+1)
1
,1
+(n
r
(k0+1)
1
,1
−k0)
r
(k0+1)
1 ,1
· · · z−m1,1−n1,1+(n1,1−k0)1,1
in
πD
(
xn
r
(1)
l
,l
αl(zr(1)
l
,l
) · · ·xn1,1α1(z1,1) (eλ1vΛ0)⊗k1 ⊗ v⊗k0Λ0
)
. (3.11)
Denote this coefficient by e⊗k1λ1 ⊗ 1⊗k0
(
πDb+v⊗kΛ0
)
, where
b+ = bαl · · · bα2b+α1 (3.12)
and
b+α1 = xn
r
(1)
1
,1
α1(mr(1)1 ,1
) · · ·xn
r
(k0+1)
1 +1,1
α1(mr(k0+1)1 +1,1
) (3.13)
xn
r
(k0+1)
1
,1
α1(mr(k0+1)1 ,1
+ n
r
(k0+1)
1 ,1
− k0) · · ·xn1,1α1(m1,1 + n1,1 − k0).
From (2.23) and (2.24) follows that energies of quasi-particle monomial vectors b+vkΛ0
satisfy difference conditions of energies of quasi-particle monomial vectors from the basis
of principal subspace of the standard module L(kΛ0), (see also [Bu2]).
For the case when WL(Λ) is the principal subspace of the standard module L(k0Λ0 +
kjΛj), j 6= 1, we will use the following lemma:
Lemma 3.2.1. In the case of affine Lie algebra g˜ of type B
(1)
l
eλ1vΛl = xǫ1(−1)vΛl . (3.14)
In the case of affine Lie algebra g˜ of type C
(1)
l and j 6= 1
eλ1vΛj = x 1√
2
(ǫl−j+1+ǫj)(−1) · · ·x 1√2 (ǫ2+ǫl−1)(−1)x 1√2 (ǫ1+ǫl)(−1)vΛl−j+2 . (3.15)
Proof. Relations (3.14) and (3.15) are verified by arguing as in the proof in [P, Lemma
5.3]. e−1λ1 xǫ1(−1)vΛl is a weight vector with weight Λl, since we have
α∨1 (0)e
−1
λ1
xǫ1(−1)vΛl = e−1λ1 (α∨1 (0)− c)xǫ1(−1)vΛl = 0,
α∨j (0)e
−1
λ1
xǫ1(−1)vΛl = e−1λ1 α∨j (0)xǫ1(−1)vΛl = 0, for j 6= 1, l,
α∨l (0)e
−1
λ1
xǫ1(−1)vΛl = e−1λ1 α∨l (0)xǫ1(−1)vΛl = e−1λ1 xǫ1(−1)vΛl ,
x−θ(1)e−1λ1 xǫ1(−1)vΛl = e−1λ1 x−θ(2)xǫ1(−1)vΛl = 0.
From xα1(−1)xα1(−1)vΛl = 0 follows that
xǫ1(0)xα1(−1)xα1(−1)vΛl = 2xα1(−1)xǫ1(−1)vΛl = 0,
so we have
xα1(0)e
−1
λ1
xǫ1(−1)vΛl = e−1λ1 xα1(−1)xǫ1(−1)vΛl = 0.
We also have
xαj (0)e
−1
λ1
xǫ1(−1)vΛl = e−1λ1 xαj (0)xǫ1(−1)vΛl = e−1λ1 xǫ1(−1)xαj (0)vΛl = 0,
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for j 6= 1, l, and
xαl(0)e
−1
λ1
xǫ1(−1)vΛl = e−1λ1 xαl(0)xǫ1(−1)vΛl = e−1λ1 xǫ1+ǫl(−1)vΛl = 0,
since the restriction of L(Λl) on s˜l2(ǫ1+ ǫl) is a level one standard A
(1)
1 -module of highest
weight Λ1. Hence (3.14) holds and L(Λl)
(λ1) ∼= L(Λl).
In a similar way we prove that e−1λ1 u := e
−1
λ1
x 1√
2
(ǫl−j+1+ǫj)(−1) · · ·x 1√2 (ǫ2+ǫl−1)(−1)
x 1√
2
(ǫ1+ǫl)
(−1)vΛl−j+2 is a weight vector with weight Λj, since we have
α∨j (0)e
−1
λ1
u = e−1λ1 α
∨
j (0)u = e
−1
λ1
u,
α∨1 (0)e
−1
λ1
u = e−1λ1 (α
∨
1 (0)− c)u = 0,
α∨i (0)e
−1
λ1
u = e−1λ1 α
∨
i (0)u = 0, for i 6= 1, j,
x−θ(1)e
−1
λ1
u = e−1λ1 x−θ(2)u = 0.
From xα1(−1)xα1(−1)vΛl−j+2 = 0 follows that xα1(−1)x 1√
2
(ǫ1+ǫl)
(−1)vΛl−j+2 = 0, so we
have
xα1(0)e
−1
λ1
u = 0.
We also have
xαj (0)e
−1
λ1
u = e−1λ1 xαj (0)u = 0,
and
xαi(0)e
−1
λ1
u = e−1λ1 xαi(0)u = 0,
for i 6= j, 1. The last statement is true also in the case when xαi(0) doesn’t com-
mute with monomials in u. In this case, by induction on j follows that xαi(0)u =
u′x 1√
2
(ǫa+ǫb)
(−1)vΛl−j+2 = 0, since the restriction of L(Λl) on s˜l2( 1√2(ǫa + ǫb)), for any
a, b ∈ {1, . . . , l}, is a level two standard A(1)1 -module of highest weight 2Λ1. Hence (3.15)
holds and L(Λj)
(λ1) ∼= L(Λl−j+2). 
By Proposition 2.4 in [Li1] there is an intertwining operator of type
( L(Λj)(λ1)
L(Λj) L(Λ0)(λ1)
)
,
which we will denote by I2(·, z), such that
I2(vΛj , z)eλ1vΛ0 = eλ1I1(∆(λ1, z)vΛj , z)vΛ0
= eλ1exp(zL(−1))z〈λ1,Λj〉vΛj
= z〈λ1,Λj〉
[
eλ1vΛj + eλ1vΛjzL(−1) + · · ·
]
.
Denote by I3(·, z) the intertwining operator of type
( L(Λj)(λ1)
L(Λ0)(λ1) L(Λj)
)
and by Aλ1 the coef-
ficient of (−z)〈λ1,Λj〉 in I3(eλ1vΛ0 , z)vΛj . From Lemma 3.2.1 follows
Aλ1vΛj = eλ1vΛj . (3.16)
From the commutator formula (cf. formula (2.13) of [Li3]) we have
[xαi(m), I3(eλ1vΛ0 , z)] =
∑
t≥0
(
m
t
)
I3(xαi(t)eλ1vΛ0 , z) = 0.
In the case when g˜ is of type F
(1)
4 or of type G
(1)
2 , recall from [BK] and [Bu3] the
constant term Aλ1 of the operator xθ(z). We will use the same symbol to denote the
coefficient of z−1 in z−2xθ(z), i.e.
Aλ1 = Reszz
−2xθ(z) = xθ(−2). (3.17)
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Now, consider the action of the operator
(Aλ1)s := 1⊗ · · · ⊗ 1︸ ︷︷ ︸
k−s factors
⊗Aλ1 ⊗1⊗ · · · ⊗ 1︸ ︷︷ ︸
s−1 factors
,
for s = n1,1, where Aλ1 is as above, on the vector πDbvΛ, where bvΛ ∈ BW and b is of
dual-charge type D. Since Aλ1 commutes with the action of quasi-particles, it follows that
the image (Aλ1)s(πDbvΛ) is the coefficient of the variables z
−m
r
(1)
l
,l
−n
r
(1)
l
,l
r
(1)
l
,l
· · · z−m1,1−n1,11,1 in
(Aλ1)sπDxn
r
(1)
l
,l
αl(zr(1)
l
,l
) · · ·xn1,1α1(z1,1)vΛ. (3.18)
Using (3.3) follows that in the s-th tensor factor (from the right) of (3.18), we have
FsAλ1vΛjs , where
Fs := xn(s)
r
(νl(k−1)+1)
l
,l
αl
(z
r
(νl(k−1)+1)
l
,l
) · · ·x
n
(s)
r
(νlk)
l
,l
αl
(z
r
(νlk)
l
,l
) · · ·x
n
(s)
1,lαl
(z1,l) · · ·
x
n
(s)
r
(s)
1
,1
α1
(z
r
(s)
1 ,1
) · · ·x
n
(s)
1,1α1
(z1,1).
Using (3.16), in the case of affine Lie algebras of type B
(1)
l or of type C
(1)
l , we rewrite the
s-th tensor factor (from the right) of (3.18) as
FsAλ1vΛjs = eλ1FsvΛjszr(s)1 ,1
· · · z1,1. (3.19)
From (3.19), now follows
(Aλ1)s(πDbvΛ) = (eλ1)s(πDb
+vΛ), (3.20)
where
(eλ1)s := 1⊗ · · · ⊗ 1︸ ︷︷ ︸
k−s factors
⊗eλ1 ⊗1⊗ · · · ⊗ 1︸ ︷︷ ︸
s−1 factors
,
and where
b+ = bαl · · · bα2b+α1 (3.21)
with
b+α1 = xn
r
(1)
1
,1
α1(mr(1)1 ,1
) · · ·xn
r
(s+1)
1
+1,1
α1(mr(s+1)1 ,1
) (3.22)
xn
r
(s)
1 ,1
α1(mr(s)1 ,1
+ 1) · · ·xn2,1α1(m1,1 + 1).
In the case of affine Lie algebras of type F
(1)
4 or of type G
(1)
2 , the role of eλ1 will play Weyl
group translation operator eθ, which we will introduce in the next section.
3.3. Weyl group translation operators. Denote by eα the Weyl group translation
operator
eα = exp x−α(1) exp(−xα(−1)) exp x−α(1) expxα(0) exp(−x−α(0)) exp xα(0)
for every root α, (cf. [K]). We will use the following property of the Weyl group translation
operator eα:
xβ(j)eα = eαxβ(j + β(α
∨)) for all α, β ∈ R and j ∈ Z. (3.23)
Let g˜ be of type F
(1)
4 or of type G
(1)
2 , and assume that α = θ. Since we have
eθvΛj = xθ(−2)vΛj , (3.24)
we rewrite the s-th tensor factor (from the right) of (3.18) as
FsAλ1vΛjs = eθFsvΛjszr(s)1 ,1
· · · z1,1. (3.25)
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Now we have
(Aλ1)s(πDbvΛ) = (eθ)s(πDb
+vΛ), (3.26)
where
(eθ)s := 1⊗ · · · ⊗ 1︸ ︷︷ ︸
k−s factors
⊗eθ⊗1 ⊗ · · · ⊗ 1︸ ︷︷ ︸
s−1 factors
,
and where b+ is as in (3.21) and (3.22).
If we continue to apply the procedure of action of operators (Aλ1)s and (eλ1)s (or (Aλ1)s
and (eθ)s in the case of affine Lie algebras of type F
(1)
4 or of type G
(1)
2 ), on the b
+vΛ, after
finitely many steps we will obtain the monomial vector
b˜vΛ = bαl · · · bα2 b˜α1vΛ,
where
b˜α1 = xn
r
(1)
1 ,1
α1(m˜r(1)1 ,1
) · · ·xn
r
(s)
1 +1,1
α1(m˜r(s)1 +1,1
)xn
r
(s)
1 ,1
α1(m˜r(s)1 ,1
) · · ·xn1,1α1(m˜1,1)
= xn
r
(1)
1
,1
α1(mr(1)1 ,1
) · · ·xn
r
(s)
1
+1,1
α1(mr(s)1 +1,1
)xn
r
(s)
1
,1
α1(mr(s)1 ,1
−m1,1 − s) · · ·xn1,1α1(−s).
Note that the quasi-particle monomial b˜ has the same charge-type and the dual charge-
type as b+ and belongs to BW .
We use the fact that
eα1vΛj = Cxα1(−1)vΛj , (3.27)
where C ∈ C \ {0}. Hence, the vector πD b+vΛ equals the coefficient of the variables
z
−m
r
(1)
l
,l
−n
r
(1)
l
,l
r
(1)
l
,l
· · · z
−m
r
(1)
1 ,1
−n
r
(1)
1 ,1
r
(1)
1 ,1
· · · z
−m
r
(s)
1 +1,1
−n
r
(1)
1 +1,1
r
(s)
1 +1,1
z
−m
r
(s)
1 ,1
−n
r
(s)
1 ,1
+s
r
(s)
1 ,1
· · · z−m1,11,1 (3.28)
in
C πDxn
r
(1)
l
,l
αl(zr(1)
l
,l
) · · ·xn2,1α1(z2,1) (1⊗(k−s) ⊗ e⊗sα1 )vΛ. (3.29)
By shifting the operator (1⊗(k−s)⊗e⊗sα1 ) all the way to the left in (3.29), and by dropping
it, from (3.23) we get πD′ b′vΛ, where
b′ = bαl · · · b′α2 b′α1 (3.30)
for
b′α1 = xn
r
(1)
1
,1
α1(m˜r(1)1 ,1
+ 2n
r
(1)
1 ,1
) · · ·xn2,1α1(m˜2,1 + 2n2,1),
b′α2 = xn
r
(1)
2 ,2
α2(mr(1)2 ,2
− n(1)
r
(1)
2 ,2
− · · · − n(s)
r
(1)
2 ,2
) · · ·xn1,2α2(m1,2 − n(1)1,2 − · · · − n(s)1,2).
Note, that the dual charge-type D′ of b′ equals
D′ = (r(1)l , . . . , r(kαl)l ; · · · ; r(1)2 , . . . , r(kα2)2 ; r(1)1 − 1, . . . , r(n1,1)1 − 1, 0, . . . , 0︸ ︷︷ ︸
k−s
)
.
Finally, using the same arguments as in [Bu1,Bu2,Bu3,BK] one can check that b′ belongs
to BW .
13
3.4. Proof of linear independence. Assume that we have a relation of linear depen-
dence between elements of BW ∑
a∈A
cabavΛ = 0, (3.31)
where A is a finite non-empty set and ca 6= 0 for all a ∈ A. Furthermore, assume that all
ba have the same color-type (nl, . . . , n1). Let a0 ∈ A be such that ba0 < ba for all a ∈ A,
a 6= a0. Let b0 be of charge-type C as in (2.17) and dual-charge-type D as in (2.18).
On (3.31) we act with the projection πD
πD : WL(Λ) →WL(Λ
jk
)
(µ
(k)
l
;...;µ
(k)
1 )
⊗ · · · ⊗WL(Λ
j1 )(µ
(1)
l
;...;µ
(1)
1 )
,
where jt ∈ {0, j} and µ(t)i , 1 ≤ t ≤ k is as in (3.1). From the definition of projection,
it follows that by πD all monomial vectors bavΛ with monomials ba which have higher
charge-type than C with respect to (2.20) will be mapped to zero-vector. Therefore, we
assume that in ∑
a∈A
caπDbavΛ = 0, (3.32)
all monomials ba are of charge-type C.
In the case when g˜ be of type B
(1)
l or of type C
(1)
l and Λ = k0Λ0+ k1Λ1 we use the fact
that vΛ1 = eλ1vΛ0. Now, from (3.32) we have
0 =
∑
a∈A
caπDba(eλ1vΛ0)
⊗kj ⊗ v⊗k0Λ0 = (e
⊗kj
λ1
⊗ 1⊗k0)
∑
a∈A
caπDb+a v
⊗k
Λ0
.
If we drop the operator e
⊗kj
λ1
⊗ 1⊗k0, we will get∑
a∈A
caπDb+a v
⊗k
Λ0
= 0, (3.33)
where b+a is of the form as in (3.12) and (3.13). So, in the case of B
(1)
l or of type C
(1)
l and
Λ = k0Λ0 + k1Λ1, we have ca = 0, and the assertion of the Theorem 2.1 follows.
Now, let g˜ be of type B
(1)
l , C
(1)
l , F
(1)
4 or of type G
(1)
2 and Λ = k0Λ0 + kjΛj, j 6= 1. On
(3.32) apply the procedure described in Sections 3.2 and 3.3 until all quasi-particles of
color 1 are removed from the summand ca0πD ba0vΛ. This also removes all quasi-particles
of color 1 from other summands, so that (3.32) becomes∑
a∈A
c′aπDb
′
avΛ = 0, (3.34)
where b′a are of the form as in (3.30) and scalars c
′
a 6= 0. The summation in (3.34) goes
over all a 6= a0 such that ba(α1) = ba0(α1) since the summands such that ba0(α1) < ba(α1)
will be annihilated in the process.
In the case of B
(1)
l monomial vectors in (3.34) can be realized as elements of the principal
subspace WL(k0Λ0+klΛl) of the affine Lie algebra of type B
(1)
l−1. In particular, when g˜ is of
type B
(1)
2 , with the described procedure we get monomial vectors which can be realized as
elements ofWL((2k0+k2)Λ0+(2k−2k0−k2)Λ2) of the affine Lie algebra of type A
(1)
1 . In the case of
C
(1)
l , monomial vectors in (3.34) can be realized as elements inWL((2k0+kj)Λ0+(2k−2k0−kj)Λj)
of the affine Lie algebra of type A
(1)
l−1. In the case of F
(1)
4 , monomial vectors in (3.34) can be
realized as elements in WL(k0Λ0+k3Λ3) of the affine Lie algebra of type C
(1)
3 , and in the case
of G
(1)
2 monomial vectors in (3.34) we realize as elements of WL((3k0+2k2)Λ0+(3k−3k0−2k2)Λ2)
of the affine Lie algebra of type A
(1)
1 . For all of these cases we can use Georgiev argument
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on linear independence from [G1], so by proceeding inductively on charge-type (and on l
for the case of B
(1)
l ) we get ca = 0 and the desired theorem follows.
4. Characters of principal subspaces
Character chWL(Λ) of the principal subspace WL(Λ) is defined by
chWL(Λ) =
∑
m,n1,...,nl>0
dim(WL(Λ))−mδ+Λ+n1α1+...+nlαl q
myn11 · · · ynll ,
where q, y1, . . . , yl are formal variables and (WL(Λ))−mδ+Λ+n1α1+...+nlαl denote the weight
subspaces of WL(Λ) of weight −mδ + Λ + n1α1 + · · · + nlαl with respect to the Cartan
subalgebra h˜ = h⊕ Cc⊕ Cd of g˜.
As in [Bu1,Bu2,Bu3,BK,G1], to determine the character ofWL(Λ), we write conditions
on energies of quasi-particles of the set BWL(Λ) in terms of dual-charge-type elements r
(s)
i .
For a fixed color-type (nl; . . . ;n1), charge-type
C =
(
n
r
(1)
l
,l
, . . . , n1,l; . . . ;nr(1)1 ,1
, . . . , n1,1
)
and dual-charge-type
D =
(
r
(1)
l , . . . , r
(kαl)
l ; . . . ; r
(1)
1 , . . . , r
(kα1)
1
)
,
a straightforward calculation shows
r
(1)
i∑
p=1
(2(p− 1)np,i + np,i) =
kαi∑
t=1
r
(t)2
i for i = 1, . . . , l, (4.1)
and
r
(1)
i∑
p=1
r
(1)
i−1∑
q=1
min{ kαi
kαi−1
nq,i−1, np,i} =
k∑
t=1
νi−1∑
p=0
r
(t)
i−1r
(νit−p)
i for i = 2, . . . , l, (4.2)
(cf. [Bu1,Bu2,Bu3,BK,G1]). We also have
r
(1)
i∑
p=1
np,i∑
t=1
δi,jt =
kαi∑
t=1
r
(t)
i δi,jt =
kαj∑
t=νjk0+(νj−1)kj+1
r
(t)
j . (4.3)
The last three identities, difference conditions (2.23)–(2.24) and the formula
1
(q)r
=
∑
n>0
pr(n)q
n,
where pr(n) denotes the number of partitions of n with at most r parts, therefore imply
Theorem 4.1. Set ni =
∑kαi
t=1 r
(t)
i for i = 1, . . . , l. For any rectangular weight Λ =
k0Λ0 + kjΛj of level k = k0 + kj we have
chWL(Λ) =
∑
r
(1)
1 >···>r
(kα1)
1 >0...
r
(1)
l
>···>r(kαl )
l
>0
q
∑l
i=1
∑kαi
t=1 r
(t)2
i −
∑l
i=2
∑k
t=1
∑νi−1
p=0 r
(t)
i−1r
(νit−p)
i +
∑kαj
t=νjk0+(νj−1)kj+1
r
(t)
j∏l
i=1(q; q)r(1)i −r
(2)
i
· · · (q; q)
r
(kαi)
i
l∏
i=1
ynii ,
where (a; q)r =
∏r
i=1(1− aqi−1) for r > 0.
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